The crystalline and magnetic structures of all known polymorphs of Mn have been investigated using generalized spin-density functional theory based on an unconstrained vector-field description of the magnetization density. We find that at atomic volumes smaller than 12 Å 3 , the magnetic ground state of α-Mn is collinear with magnetic moments ranging between 0 and 3 µ B depending on the local symmetry of the atomic positions. At larger atomic volumes, a metastable collinear configuration coexists with a stable noncollinear state. The noncollinearity of the magnetic structure is driven by the appearance of magnetic moments on sites IV, leading to a frustration of exchange interactions in local triangular configurations. A similar situation is found in β-Mn, with a collinear structure with coexisting magnetic and nonmagnetic sites. The α-phase is found to be stable over a wide range of volumes; under compression a phase transition to hexagonal -Mn is predicted.
completely characterized phase. On the basis of a new diffraction peak appearing above the transition pressure of 165 GPa, it has been suggested that the new phase might be bcc but on the basis of density functional calculations it was argued that the high-pressure phase -Mn is hcp, in agreement with the stable crystal structures of Tc and Re [6] .
Magnetic ordering adds to the bewildering structural complexity of Mn. α-Mn undergoes a paramagnetic-to-antiferromagnetic phase transition at the Néel temperature of T N = 95 K. The magnetic transition is coupled to a tetragonal distortion; neutron diffraction data indicate that the magnetic structure is anti-body-centred (space group I 42m) leading to an increase of the crystallographically inequivalent atomic positions from four to six [7] . The different atomic sites are also magnetically inequivalent: neutron scattering [7, 8] , magnetic torque measurements [9] and nuclear magnetic resonance (NMR) investigations [10] agree on a noncollinear antiferromagnetic structure with large magnetic moments on sites I and II and much smaller moments on the remaining positions-sites IVa and IVb could be occupied even by nonmagnetic Mn atoms. One explanation for the stability of the α-Mn structure postulates indeed that the Mn atoms with different magnetic and electronic configurations behave like atoms with different sizes [11] -a point of view which is suggested by the analogy of the α-Mn and the χ-phase structures (adopted, e.g., by intermetallic compounds such as Al 12 Mg 17 or Fe 36 Cr 12 Mo 10 ).
The properties of β-Mn are hardly less complex. In the simple cubic cell there are two inequivalent sites. The magnetic characterization of β-Mn has shown that only one type of site carries a small magnetic moment, the other sites being essentially nonmagnetic [12, 13] . The magnetic properties of γ -and δ-Mn can be studied only in samples produced by rapid quenching; both order antiferromagnetically.
While the structural and magnetic properties of the ferromagnetic metals Fe, Co and Ni are now thoroughly well explained on the basis of local spin-density (LSD) theory including generalized gradient corrections (GGCs) (see, e.g., Moroni et al [14] and references therein), the incommensurate spin-density-wave ground state of bcc Cr [15] and the complex magnetic configurations of α-and β-Mn continue to defy theoreticians. For the simpler γ -, δ-and -phases, ab initio LSD calculations of phase stabilities and magnetic properties yield good agreement with experiment on samples produced by quenching or epitaxial growth if GGCs are included in the exchange-correlation functional [6, 16, 17] . An important result is the evidence for a competition between high-and low-spin states in these phases. For α-and β-Mn, however, LSD investigations have been restricted to calculations of the collinear antiferromagnetic structures at the experimental density and crystal structure [18, 19] . A high-spin state of the Mn atoms at sites I and II and a marginally magnetic character of those on sites III and IV are predicted in agreement with experiment, but nothing could be said about phase stability and the correlation between the magnetic and geometric structures.
Due to the recent progress in DFT, noncollinear magnetic structures can now be treated at various levels of sophistication:
(i) within an atomic-sphere approximation, the spin density has spherical symmetry within the overlapping atomic spheres, within each sphere the direction of the magnetic moment is fixed [20, 21] ; (ii) within a full-potential linearized augmented-plane-wave (FLAPW) approach, the quantization axis is fixed only within the almost touching muffin-tin spheres; magnetization density and exchange field are described as vector fields in the interstitial region [22] ; and (iii) a projector-augmented-wave (PAW) approach [23, 24] allows for a fully unconstrained vector-field description of noncollinear magnetism [25] .
In the present work we report the results of ab initio DFT calculations of the crystal structure, phase stability and magnetic ordering of all known polymorphs of Mn using the PAW method as implemented in the Vienna ab initio simulation package VASP [24, 25] . Exchange and correlation are described in the LSD + GGA approximation, using the LSD functional of Perdew and Zunger [26] , supplemented with the gradient corrections proposed by Perdew et al [27] . The optimization of the atomic geometry (ionic coordinates, shape and volume of the unit cell) is performed via a conjugate-gradient minimization of the total energy, using the Hellmann-Feynman forces on the atoms and the stresses on the unit cell. The magnetization density (magnitude and direction) is calculated self-consistently on a fine FFT grid for the plane-wave part and on radial support grids for the contributions from the augmentation and compensation charges. For visualization of the results only, local magnetic moments are calculated by projecting the plane-wave components of the orbitals onto spherical waves inside atomic spheres and averaging magnitude and direction inside each sphere. Initial magnetic configurations were chosen in a collinear low-moment configuration and also close to the noncollinear magnetic structure, both being derived from experiments.
Figures 1 and 2 summarize our results for α-Mn: figure 1 shows the total energies of paramagnetic and both collinear and noncollinear antiferromagnetic α-Mn as functions of volume, figure 2 the variation of the axial ratio and of the internal coordinates. For atomic volumes up to about 12 Å 3 the structure remains cubic and independent of the starting configuration, while the magnetic structure relaxes to a collinear magnetic configuration with zero magnetic moment on sites IV. For larger volumes, a metastable collinear magnetic configuration coexists with the stable noncollinear configuration. In the collinear configuration we observe a tetragonal distortion of up to two per cent (i.e. much larger than observed experimentally), accompanied by a pronounced splitting of the internal coordinates of sites III and IV into two groups. The magnetic moments on sites IVa and IVb develop only very slowly on expansion. The stable noncollinear magnetic configuration could be found only by relaxation at an expanded volume ( 15 Å 3 ) and using a rescaled magnetic configuration as the starting point for the optimization at increased density. In this noncollinear configuration, the tetragonal distortion is much more modest (in good agreement with the neutron diffraction data of Lawson et al [7] ; see figure 2 ), but large moments develop at sites IV and the frustrated exchange interaction causes the moments on sites III and IV to cant away from their preferred direction in the collinear structure. The full noncollinear spin structure is shown in figure 3 .
The mechanism driving the formation of a noncollinear spin structure is clearly related to the crystalline structure of α-Mn: the atoms at sites I and II carrying large collinear moments (see figure 3(a) ) have coordination number (CN) 16. The CN16 Friauf polyhedron around sites I at the corners and in the centre of the unit cell consists of a tetrahedron of type-II atoms and a truncated tetrahedron whose twelve vertices are occupied by type-IV atoms. The relative orientation of the tetrahedron and the truncated tetrahedron is such that the type-II atoms are placed just out from the centre of the hexagonal faces. The distances between the type-IV atoms located on the small triangular faces of the truncated tetrahedron (see figure 3(b) ) are the smallest interatomic distances in the α-Mn lattice. The strong frustration of the antiferromagnetic exchange interactions in the triangular configuration leads to a complete quenching of the magnetic moments on sites IV at high density; at larger volumes the relative orientation of the moments in these triangles is as expected for a frustrated triangular structure, i.e. we find approximately 120
• angles between nearest-neighbour moments. The appearance of nonzero moments on sites IV also leads to a strong frustration of the interaction with the moments on sites III. This is shown in figure 3(c) where we see that in parallel with the increasing size of the type-IV moments the type-III moments rotate away from their orientation collinear to the moments on sites I and II. In the metastable collinear structure, the frustration in the triangular units of type-IV atoms is relaxed by a strong structural distortion leading to short and long distances within each triangle. The calculated noncollinear structure compares well with the structure proposed on the basis of the magnetic neutron diffraction, although the analysis is quite sensitive to assumptions on the magnetic form factor (Lawson et al [7] assume that the form factor is the same on all sites-which is hardly compatible with the present analysis). At the experimental atomic volume of 12.05 Å 3 , the calculated absolute values of the moments at sites I to IV are 3.19 (3.276), 2.79 (2.964), 1.81 (2.12) and 0.0 (1.31/1.10) µ B , respectively. Numbers in parentheses Hence within the uncertainty of the experimental values we note reasonable agreement between theory and experiment; the most important remaining difference is that the magnetism on sites IV and the correlated noncollinearity appear only at a volume that is slightly expanded compared to the experimental one. A detailed comparison must be left to a more extended publication.
We have also studied the structural and magnetic properties of the β-phase. Around the equilibrium density we find very small moments of about 0.2 µ B on sites I, while atoms of type II are essentially nonmagnetic, i.e. β-Mn is found to be marginally ferrimagnetic. A striking feature is the very slow disappearance of the magnetic moments at sites I on compression. This correlates rather well with reports of strong antiferromagnetic spin fluctuations in β-Mn [12] . Again the quenching of the magnetic moments can be ascribed to geometric frustrations of the antiferromagnetic exchange interactions-Nakamura et al have stressed the analogy of the interactions in the site-II sublattice with those on an antiferromagnetic Kagomé lattice. Details will be presented elsewhere.
Finally we analyse the relative stability of the various polymorphs of Mn. Figure 4 reports the total energies of α-, β-, γ -, δ-and -Mn as functions of volume. We find, in agreement with experiment, that α-Mn is the stable polymorph over a wide range of atomic volumes. The β-phase is found to have the second lowest energy, the structural energy difference being E/(β − α) = 0.06 eV/atom. Under sufficient compression we predict a sluggish phase transition to the hexagonal -phase at a pressure of 200-300 kbar. Details of the phase stability calculations will be reported elsewhere.
In summary, the exceptional properties of Mn can be related to the fact that the 3d band is just half-filled: on one hand this means that only bonding d states are occupied and hence the interatomic bond strength is maximized; on the other hand according to Hund's third rule the spin moment is also maximum and this favours expansion. In the simpler γ -, δ-and -phases these conflicting tendencies lead to the competition between high-and low-spin states, in the more complex α-and β-phases to the coexistence of large high-moment atoms and small nonmagnetic or low-moment atoms whose topologically close-packed arrangement allows maximization of the packing density. The noncollinear spin structure results from the fact that without a complete quenching of the moments on sites IV some local frustration in local triangular groups of atoms survives. Here we have shown that generalized LSD calculations involving an unconstrained vector-field description of magnetization density and exchange field allow for a quantitatively accurate prediction of the atomic and magnetic structures of the most complex of all metallic elements.
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